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Abstract 
The macroscopic physical properties of macroscopically heterogeneous or pe-
riodic composite medium strongly depend on the microscopic structure and 
dynamics. As examples, when a strong field is applied to an electrorheological 
(ER) fluid, it will order the fluid into a solid and this in turns affects vari-
ous physical properties such as the rheological and dielectric properties of the 
medium. In this work, we first develop the Ewald-Kornfeld formulation within 
the dipole approximation to perform calculations for the local field of compos-
ite structures with different lattices and different number of point basis in each 
unit cell, in order to examine the effects of both the geometric anisotropy by 
lattice distortion and by distortion of the basis, on the microscopic quantities 
such as the local fields and dipole moments and hence relate the results to 
the overall dielectric properties. More precisely, we first study the tetragonal 
lattice of point dipoles. The results show that geometric anisotropy by lattice 
distortion has a significant impact on the local field distributions. Conversely, 
we will also study on field-induced structure transformation in an electrorhe-
ological solid, being different from that proposed by Tao and Jiang, in the 
sense that it can be achieved with the application of pure electric fields only. 
As an extension, we apply the formulation to many-point basis systems. In 
particular, we apply the Ewald-Kornfeld formulation to system of distortive 
body-centered cubic (BCC) lattice and antidistortive body-centered cubic lat-
tice to compute various sublattice interaction tensors. W e obtain the sublattice 
quantities as a function of anisotropy caused by the basis distortion. Again, the 
i 
results show that anisotropy has a significant impact on the sublattice quanti-
ties. And most importantly in all the above cases, the changes in the local field 
lead to generalized Clausius-Mossotti (CM) equations for all these anisotropic 
systems and this provides an important link between the microscopic quanti-
ties and macroscopic physical properties of these materials. W e will also give 
the results on the effects of geometric anisotropy on piezoelectric coefficients, 
an alternative approach for Ewald-Kornfeld formulation and a formalism for 
including the effects of multipoles by extension of the existing Ewald-Kornfeld 
formulation as suppliment. Discussion on our work and possible extension and 
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Chapter 1 
Introduct ion 
1.1 What is an electrorheological fluid? 
Electrorheological (ER) fluid, first discovered by Winslow [1], is a class of com-
posite material whose rheological properties are controllable by the application 
of an electric field. An E R fluid is usually formed by dispersing highly polar-
izable dielectric colloidal particles in a medium of low dielectric constant and 
low viscosity. With the application of an intense electric field, the induced 
dipole moments order the suspended particles to form chains along the field 
direction, resulting in complex anisotropic structures. These chain structures 
alter the apparent viscosity of the fluid drastically by several orders of mag-
nitude during such a transition from a liquid state to a solid state within a 
time scale of milliseconds, accompanied by an increase of yield stress, which is 
often of an order of magnitude. The above process is reversible and is known 
as electrorheology [2]. Since the E R effect permits the direct use of electricity 
without any intermediate transformations, it provides the possibilities in many 
potential applications such as shock absorber [3], solid fuels [2] and suspension 
system [4, 5]. However, all practical needs in the E R fluids have not yet been 
achieved due to our inadequate knowledge of the materials properties and the 
mechanisms responsible for the E R effect. The E R effects depend on various 
properties of the materials, such as the conductivities and dielectric constants 
1 
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of materials used [6, 7], the viscosity of the host medium, the temperature of 
the whole system, the volume fraction of the suspensions [6], the frequency of 
the applied electric field and the role of water [6, 8]. The studies of E R fluids 
have become an active research area, aiming at understanding the E R mecha-
nisms and utilizing the E R responses for practical use. Many theoretical and 
experimental investigations were performed on various kinds of E R systems, 
however, a satisfactory theory that can capture the whole physical picture of 
E R effects is still lacking. 
1.2 Overview of recent theoretical studies on 
ER fluids 
Notice under the action of the E R effect, the arrangement of particles or the 
shape of the lattice will change considerably, and the local electric field devi-
ates from the Lorentz cavity field (due to all dipoles inside the cavity). As 
a result, these structures have anisotropic physical properties, such as in the 
effective conductivity and permittivity [9], in optical response [10]. W e call 
this phenomenon geometric anisotropy [11]. The structures and dynamics at 
the mesoscopic scales determine the macroscopic physical properties. So if the 
effects of anisotropy and dynamics on the macroscopic physical properties are 
understood, these materials can become potentially important for technology 
applications. 
For example, in a recent work [12], investigations on nonlinear ac response 
of anisotropic composites has been performed. When a suspension consisting 
of dielectric particles having nonlinear characteristics is subjected to a sinu-
soidal (ac) field, the electrical response will be anisotropic and consists of ac 
fields at frequencies of the higher-order harmonics. The results showed that the 
harmonics of the induced dipole moment and the local electric field are both 
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increased as the anisotropy increase for the longitudinal case, while the har-
monics are decreased as the anisotropy increases for the transverse field case. 
These anisotropic physical properties suggest that it is possible to perform 
real-time monitoring of the field-induced aggregation process by measuring 
the ac responses both parallel and perpendicular to the unaxial anisotropic 
axis of the field-induced structures and thus may be possible to monitor the 
food production processes, such as the electrorheology of milk chocolate [13 . 
Tao and Sun [14] performed a theoretical analysis on the ground state 
structure of the suspended spheres in E R fluids using the hard sphere model 
each with a fixed dipole moment. With the free energy calculations for several 
lattice structures, the authors concluded that the ground state structure should 
be a body-centered tetragonal (bet) lattice with primitive lattice vectors ai 二 
,/Qax, a2 = V^a认 and ag = 2az which is anisotropic with respect to the body-
centered cubic (bcc) structure. And recently, Tao and Jiang [15] proposed that 
a structure transformation from the bet ground state to some other lattices 
can occur when one simultaneously applies a magnetic field perpendicular to 
the electric field and the polarized particles possess magnetic dipole moments. 
Sheng and coworkers [16] verified the proposal experimentally and observed a 
structure transformation from the bet to face-centered cubic (fee) lattices as 
proposed. O n the other hand, computer simulations of E R fluids in dipole-
induced-dipole model, by Sin, et. al. [17] also help to realize the structure 
transformation of E R fluid by the application of electric field only. These 
studies give us motivations to perform studies on structure transformation of 
E R fluid in different aspects in order to understand more about the properties 
of these materials. 
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1.3 Objectives of the thesis 
However, especially for periodic composites, the studies of microscopic phys-
ical quantities, for example, the local field at a particular point, involves lat-
tices sums with conditional convergence. This give rise to an ambiguity in 
these quantities and many macroscopic models are developed to encounter 
this problem though, this problem remains unresolved. For example, an ac-
curate evaluation of the local field factor during field-induced aggregation is 
lacking. Alternatively, as a beginning of our study on E R fluid we develop 
the idea of Ewald and Kornfeld to give formulations which can compute these 
physical quantities directly from the first-principle and further develop and 
generalize the formulation for studies of different systems with different lat-
tices, different number of particles in a basis and different degrees of anisotropy. 
Better accuracy may obtain in some cases due to direct calculations from the 
first principle instead of approximated macroscopic model. From these cal-
culations, we emphasize the relation between anisotropy in the mesoscopic 
scale with the macroscopic physical quantities and also make contact with 
the well-developed macroscopic concepts. As a result, generalizations of these 
macroscopic concepts give us new understandings of these materials. 
The thesis is organized as follows. Chapter 2 is a review on the macro-
scopic concept of local field, depolarization tensor and the well-known Clausius-
Mossotti relation. While in the remaining chapters, we develop the Ewald-
Kornfeld method [18，19] to i) different lattices, ii) different systems of polar-
izable particles and iii) different number of point basis in each unit cell. In 
particular, a general formulation based on the point dipole approximation for 
computation of dipole lattice summation of the local electric field, which is 
applicable to all Bravais lattice systems with generally N point dipoles in a 
unit cell, will be given in Chapter 3. And specifically in this chapter, we apply 
this formulation to perform numerical calculations to examine the local field 
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distributions of a tetragonal lattice of point dipoles. The various problems en-
countered in the computation of the conditionally convergent summation are 
addressed and the methods of overcoming them will also be discussed in this 
chapter. And importantly, we examine the effect of geometric anisotropy on 
the local field distribution. For a more complex basis in a unit cell, motivated 
by the studies of Tao and Jiang [15], in Chapter 4 we applied the formulation 
to compute the local field electric field in a body-centered tetragonal (BCT) 
lattice to examine field-induced structure transformation in E R solids from the 
bet to the face-centered cubic (FCC) lattices by changing the uniaxial lattice 
constant under the hard-sphere constraint, by the application of pure electric 
fields only. The local field exhibits a non-monotonic transition in contrast 
with that proposed by Tao and Jiang [15], induced by applying a magnetic 
field perpendicular to the clectric field applied simultaneously. An experimen-
tal realization of the structure transformation is suggested by the application 
of rotating electric fields. In both the above two chapters, we also make a con-
tact with macroscopic concepts and discuss the relation between the present 
formulation with the established local field concepts. W e also shows that the 
change in the local field can lead to generalized Clausius-Mossotti equations 
respectively. The large value of the derivative of the local field with respect to 
the degree of anisotropy suggests potential applications as artificial piezoelec-
tric materials. Comment on the competition between the fee and hep lattices 
will also be given. 
And in chapter 5, we continue our study on systems with distortive lat-
tices, namely the ferrodistortive and antidistortive lattices. In contrast with 
B C C lattice, the particle at the body-center is distorted along certain axis. 
Under the application of external fields, the underlying lattice of the particles 
remains B C C , while the embedded dipole lattice associated with the parti-
cles will be distorted from the B C C structure. To simplify the computation, 
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the many-point basis problems are decomposed into calculations within inter-
penetrating cubic or tetragonal sublattices, each of which can be regarded as 
a super atom. So without consider the effect of multipoles, the dipole interac-
tion problem is already non-trivial, we use the point-dipole approximation and 
calculate the dipole lattice sum via the Ewald-Kornfeld formulation [18’ 19 . 
From these calculations, we can obtain all the sublattice interaction tensors 
and determine the sublattice quantities self-consistently. W e solve the dipole 
moment of the distortive lattice and the most important of all, we can obtain 
the effects of anisotropy by lattice distortion on the local field and on the effec-
tive polarizabilities and to give implications on the overall dielectric properties 
in these complex systems. The studies are really physical as it is possible to 
synthesize such distortive systems by means of colloidal self-assembly and it 
will be discussed in this chapter. Also, in the case of antidistortive system, 
we discover the phenomenon of polarization catastrophe, which is still a con-
current argument between theoretical and experimental studies. Finally in 
Chapter 6, discussions on the possibilities of extension of the formulation such 
as an assembly of randomly placed dipoles (or multipoles) by considering a 
more complex basis in a unit cell and overall conclusions will be given. 
In Appendix A, we present the geometric anisotropic effects on the piezo-
electric coefficient in three-dimensional tetragonal lattice of point dipoles by 
using the Ewald-Kornfeld formulation by differentiating the local field along 
the uniaxial anisotropic axis with the degree of anisotropy. This may help in 
understanding the electrostriction of uniaxial field structured composites. In 
Appendix B, we give an alternative formulation for Ewald-Kornfeld formula-
tion by direct calculations of the dipole interaction tensor using Mathematica 
and also attached the program codes for the case of tetragonal lattice as an 
example. And note that throughout the above chapters studies have been 
based on the point-dipole approximation. Although it suffices in some cases, 
it may err considerably when the particles approach and finally touch, due 
1.3 Objectives of the thesis 20 
to multipole polarizabilities. As a result, in Appendix C, we gives the Ewald 
method to deal with a system of polarizable particles with induced multipole 
moments. 
Chapter 2 
Review of some established 
macroscopic concepts 
In this thesis, we apply the Ewald-Kornfeld formulation to compute the local 
field of various systems, which is from first principle, directly calculating all 
the contributions from all the dipoles in the medium microscopically. However, 
in order to corroborate with some well-established macroscopic concepts, we 
review some of these idea. Furthermore, incorporation of these established 
concepts with our microscopic calculations of the local field can lead to a 
generalization of the C M relation, which gives a better understanding the 
dielectric properties of the system and provide a link between microscopic and 
macroscopic theories. 
2.1 Local field and depolarization tensor 
In conventions, many works have been done to reduce the conditionally con-
vergent lattice sum of the microscopic local field at an atomic site of dielectrics 
by introducing the concepts an effective medium. Consider an isotropic homo-
geneous medium with polarization P under a uniformly applied field Eq. In 
order to find the local field acting on one of the dipole, the standard procedure 
is that a fictitious cavity of spherical shape - so called Lorentz cavity [20], is 
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constructed with the reference dipole at the center. The local field is given by 
the sum of the applied field, the field generated by the induced surface charge 
on the cavity surface and the contributions from the dipole inside the cavity 
Einside- For materials with cubic symmetry or with a random distribution of 
molecules, Einside vanishes at the center of the sphere. So the local field is 
given by [21]: 
Eiocal = E o + ^(47rP) + Einside- (2.1) 
Note that the equations are in C.G.S unit. The factor 1/3 is known as the 
depolarization factor (Lq) for spherical cavity. 
The idea of the depolarization factor can be generalized to Lorentz cavity 
of arbitrary shape and arbitrary orientation of polarization, with the form: 
< > 
Eiocal = Eo + 47rL • P + Einside, (2.2) 
where L is the depolarization tensor: 
Lii Li2 Lis 
< > 
L = L21 L22 L23 (2-3) 
〈I/31 L32 L33 
In case of unaxial anisotropic media, where the Lorentz cavity are ellipsoid 
with uniaxial symmetry, diagonalization of the depolarization tensor can be 
performed by choosing one of the principal axis of the ellipsoid to be one of 
the principal axis of the tensor, say the z-axis. And choosing this axis in the 
parallel direction of the applied field and the other two axes perpendicular to 
the applied field, the depolarization tensor becomes: 
g.忍 Clausius-Mossotti equation  
丨 Ll 0 0 、 
0 L丄 0 (2-4) 
卜 0 L丨丨j 
and a sum rule for the diagonal elements exists: 
L 丨丨+2L 丄 = 1 . (2-5) 
In particular, all the three diagonal elements equal to 1/3’ with fulfillment of 
the sum rule, reduce to the limiting case of spherical cavity discussed above. 
2.2 Clausius-Mossotti equation 
Dielectric properties of the materials can be measured by the dielectric con-
stant. Also the dielectric constant is related to the refractive index of the 
materials and so it also determines the optical properties. To express the di-
electric constant in terms of the depolarization factor for anisotropic media, 
we consider the equations: 
p = S . E , _ � (2-6) 
D = = + (2.7) 
47r 47r 
where S is the atomic polarizability tensor and is the relative dielectric 
tensor. By the equation that the polarization P equals total dipole moment p 
per unit volume, P = S . Y^iocaih, into Eq.(2.7), where ” is the atomic volume, 
we get the generalized C M relation [21]: 
_ _ ！ ^ _ _ = ” ， （2.8) 
I + L -(er - I) ^ 
Clausius-Mossotti equation H 
< > 
where I is the identity matrix. Decompose Eq.(2.8) into parallel and per-
pendicular components with respect to the direction of the applied field, we 
have: 
即 ⑴ _ 1 二 4體丨丨(丄) ( 2 . 9 ) 
1 + %丄)• (eiK丄)-1) ^ 
and this set of equations represents a generalization of the C M relation to 
uniaxial anisotropic media as that we will discuss in Chapter 3. 
Chapter 3 
Ewald-Kornfeld formulation and 
effects of geometric anisotropy 
on local field distr ibution 
3.1 The development of the Ewald-Kornfeld 
method 
The original problem developed by Ewald is to calculate the electrostatic po-
tential in ionic crystals experienced by one ion in the presence of all the other 
ions in the crystal. The lattice is made up of ions of positive or negative 
charges and the ions are assumed to be spherical. The difficulty encountered 
in studies of such microscopic physical quantities is that it involves lattice 
summation with conditional convergence. This gives rise to an ambiguity in 
its value. Ewald developed a method to split the sum into two parts, a long 
range part and a short range part, by an arbitrary chosen parameter. The 
long range part is converted by a Fourier series to be a summation over the 
reciprocal space. With the arbitrary parameter carefully chosen, the lattice 
sum converges rapidly. 
Then Kornfeld extended the Ewald method to dipolar arrays by assuming 
12 
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the negative charge at the corner of the unit cell and the positive charge at 
a point 1, Expressing the potentials of positive charge and negative charge in 
Taylor series and by taking the limit as the positive and negative charge ap-
proaches each other, the potential of a lattice of point dipoles can be obtained. 
And by taking two gradients of this potential, the dipole interaction tensor 
and hence the local field strength of the dipole lattice which again involves 
lattice sum with conditionally convergence can be obtained. 
The Ewald method of handling lattice sums with conditionally convergence 
is now widely used and developed for computer simulations and for studies in 
many physical systems. In this thesis, we apply the Ewald-Kornfeld formal-
ism based on the point-dipole approximation, particularly to systems with 
anisotropy. W e consider in both cases for systems with anisotropy caused by 
lattice distortion, which will be presented in this chapter, and also anisotropy 
caused by distortion of the basis in the unit cells. W e discuss this type of 
anisotropy in chapter 5. And our future work will also involves the application 
of the extension of the Ewald method to lattice of particles with multipole 
moments, which is given Appendix B as supplement. 
3.2 General Ewald-Kornfeld Formalism - point 
dipole approximation 
In this section, we give a general formulation [18, 19] based on the point dipole 
approximation for computation of dipole lattice summation of the local electric 
field. Consider an infinite arbitrary Bravais lattice with generally N point 
dipoles Pi located at r^  in a unit cell, with the lattice vector denoted by R . 
The local electric field Ej at a particular point dipole at r^  can be expressed 
3.3 Ewald-Kornfeld Formalism - tetragonal lattice of point dipoles U 




where "prime" denotes a restricted summation which excludes j = i when 
R = 0 and 
D , 二 - V . V , ^ (3.2) 
is the dipole interaction tensor. Eq.(3.1) can be recast in the Ewald-Kornfeld 
form [18, 19]: 
I 
Pi • Ei = Y j Y L . PjWnRi) + (Pi . TIKJ){PJ . TiKj)C(riKj), 
j R 
一 [(p.. G ) exp(zG . r.) ^ ^(p, . G ) exp(-zG . r,)] 
巧 0 。 V W J T 
, l l M ‘ (3.3) 
+ 
where nnj = |ri — fr^I, 77 is an adjustable parameter and G is a reciprocal 
lattice vector. The B and C coefficients are given by: 
= 学 + _ ^ e x p ( i V ) ， （3.4) 
C … 卜 宇 + （3.5) 
where erfc(r) is the complementary error function. Thus the dipole lattice sum 
of Eq.(3.1) becomes a summation over the real lattice vector R as well as the 
reciprocal lattice vector G . The adjustable parameter r] is chosen so that both 
the summations in the real and reciprocal lattices converge most rapidly. 
3.3 Ewald-Kornfeld Formalism - tetragonal lat-
tice of point dipoles 
As said in the previous chapter, in the case of a cubic lattice of dipoles, el-
ementary (dipole lattice) arguments show that the correction to the Lorentz 
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cavity field (due to all the dipoles inside the cavity) strictly vanishes [21, 22 . 
However, when the lattice symmetry is lowered by an external means, e.g., 
under the influence of an external force/torque, the lattice is deformed, either 
lengthened in one direction and/or contracted in the other direction, the cor-
rection to the Lorentz cavity field will not vanish. W e call this phenomenon 
the geometric anisotropy [11]. The lattice deformation can easily be realized 
by the electrorheological effect on a suspension of polarized particles, in which 
the particles aggregate into anisotropic structures. 
As an application of the general formalism, from this section, we limit 
ourselves to one dipole per unit cell. Consider a tetragonal lattice with lattice 
constant c = q^ along the z-axis and lattice constant a = b =仗〜丨：along the 
X and y axes. In this way, the degree of anisotropy is measured by how q is 
deviated from unity and the uniaxial anisotropic axis is along the z-axis. The 
lattice constants have been chosen so that the volume of the unit cell Vc = 
remains unchanged as q varies. The lattice vector R is given by 
R = + + qnz), (3.6) 
where are integers. And the reciprocal lattice vector G is given by: 
G = + q”、f + (3.7) 
W e compute the local field as a function of the degree of anisotropy q by 
considering two cases depending on whether the dipole moment is parallel or 
perpendicular to the uniaxial anisotropic axis. 
Consider the longitudinal field case: p = pz, i.e., the dipole moments being 
along the uniaxial anisotropic axis. The local field E at the the lattice point 
R = 0 reduces to 
Ez = P U - B i R ) + n V C
(
丑 ( 3 . 8 ) 
R^O c G^O \ / / V 
and Ea: = Ey = 0. 
S.j Numerical Results  
Similarly for the transverse field case in which the dipole moments are 
perpendicular to the uniaxial anisotropic axis, Eq.(3.8) can still be applied to 
evaluate the local field by modifying G , to G^ while taking the gradient along 
the direction of the dipole, say the x-axis, and obtain the expression of the 
local field. 
3.4 Numerical Results 
The local field is computed by summing over all integer indices, (/,m,n) + 
(0,0,0) for the summation in the real lattice and {u,v,w) + (0,0,0) for that 
in the reciprocal lattice. Because of the exponential factors, we may impose 
an upper limit to the indices, i.e., all indices ranging from -L to L, where L 
is a positive integer. For q ^ l , the regions of summation will be rectangular 
rather than cubic in both the real and reciprocal lattices. The computation 
has been repeated for various degree of anisotropy with q ranging from 0.5 
to 2.0. A plateau value for Ez is found for each q within a certain range of 
rj values: 1 < rj < 10®-®. For instance, the calculations with r] = yield 
numerical results already accurate up to 16 significant figures, indicating that 
convergence of the local field has indeed been achieved with the upper limit 
L = 4. 
For a larger anisotropy, however, there have been two problems associated 
with the computation of the conditionally convergent summation: (1) the range 
of T] that gives the plateau value shrinks as q increases. Even no plateau value 
could be observed, say, for q = 0.1. In this case, the summation may still 
converge but possibly for a much larger L and the computation time may 
be prohibitive. (2) The local field can be used to evaluate the depolarization 
factor (j), defined by: Efar = 47r(/)P 二 Eiocai— Enean where P = p / K is the total 
dipole moment per unit volume. The near field is the 7/ -)• 0 limiting value of 
the short-range part of the summation. W e find that if a direct summation 
S.Jj. Numerical Results ^ 
over the near field is performed, </> fluctuates seriously with the increase of L, 
which is unacceptable. 
In order to overcome these problems, the region of summation has been 
taken to be inside a sphere of radius Ja in the real lattice, and that of radius 
27rJ/a in the reciprocal lattice, where J is a positive integer. All the contribu-
tion from the dipoles outside the sphere will be discarded. In this way, those 
dipoles that contribute significantly to the local field but were not considered 
in the rectangular box are included in the summation. As a result, the com-
putation time can be shortened as a much smaller value of J can be used for 
convergence. The summation is repeated with increasing J for convergence. 
W e find that the summation indeed converges to a plateau value within a wide 
range of rj even for large anisotropy. 
The second problem is also overcome by the summation over a Sphere. 
Although there are still some fluctuations of the 4> value, the amplitude of 
fluctuation is greatly reduced. W e find that 小 converges to 0.33 at J = 8. 
Physically, it reminds us that 小 is exactly equal to 1/3, independent of the 
degree of anisotropy. This implies that the far field is always equal to 47rP/3, 
as from far away, the lattice structure is irrelevant. What concerned us is just 
the total dipole moment per unit volume. The fluctuation around = 1/3 
is attributed to the slow convergence and rapid fluctuation of the near field, 
rather than the local field which converges more rapidly. This analysis thus 
provides us an accurate means of finding the near field by subtracting the far 
field, i.e., 47rP/3, from the local field. 
The results of the local field strength (normalized to 47rP/3) against logi。q 
for the longitudinal and transverse field cases are plotted in Fig.3.1(a) and 
Fig.3.1(b) respectively. For comparison, the near field is also plotted on the 
same figure. The near field vanishes at g = 1，in accord with the previous 
result. As q decreases, the local field for the longitudinal field case increases 
rapidly while that for the transverse field case decreases rapidly. In both cases, 
3.5 Contact with macroscopic concepts ^ 
when q deviates from unity, the effect of geometric anisotropy has a pronounced 
effect on the local field strengths. Also notice that the local field is not zero 
when q equals unity, but vanishes when the lattice is lengthened to about 
log^o q = 0.1. Further lengthening will cause the local field further decrease, 
i.e. it will change to the opposite direction and increase as q increases further. 
3.5 Contact with macroscopic concepts 
3.5.1 Generalized Clausius-Mossotti equation 
Our present theory is of microscopic origin, in the sense that we have computed 
the lattice summation by the Ewald-Kornfeld formulation. W e have not in-
voked any macroscopic concepts like the Lorentz cavity field [20, 23, 24] in the 
calculations. However, to corroborate with these established concepts can lead 
to a modification of the Clausius-Mossotti equation valid for the anisotropic 
case. 
More precisely, we use the result of the local field to evaluate the effective 
polarizability ^ eff of the dipole lattice, which is given by : 
= 1 3 ^ ， （3.9) 
where a is the polarizability of an isolated dipole, and = E/P is the local 
field factor. W e will use and /3卯 to denote the local field factors parallel 
and perpendicular to the uniaxial anisotropic axis. Note that 氏 = A c y 二 47r/3 
when q = l. To see this, the total field acting on a dipole is the sum of the 
applied field Eq and the local field due to all other dipoles, hence 
p = aCEo + /3P)， 
where Eq is the applied electric field. Let P = p/K, the above equation 
becomes a self-consistent equation. Solving yields 
” 丑。. 
3.5 Contact with macroscopic concepts ^ 
The effective dielectric constant Ceff is given by l-\-ATTae«/Vc- For a cubic lattice, 
从=(3工y = 47r/3, Ceff satisfies the well-known Clausius-Mossotti equation: 
= (3.10) 
Ceff + 2 3K 
Thus Eq.(3.9) represents a generalization of the Clausius-Mossotti equation to 
the anisotropic lattice. 
The result of the effective polarizability is plotted against log^ o q in Fig.3.1(c) 
for the longitudinal field case while in Fig.3.1(d) for the transverse field case 
with a = 0.001,0.01 and K = 1. For a small a = 0.001, the effective polariz-
ability is almost independent of q. However, for a larger a = 0.01，the effective 
polarizability exhibits similar behavior as the local field. As q decreases, tteff 
for the longitudinal field case increases rapidly while that for the transverse 
field case decreases rapidly. Again, when q deviates from unity, the effect of 
geometric anisotropy has a strong impact on the effective polarizability. Also 
as observed from Fig.3.1 and from the expression of the effective polarizabil-
ity, the effective polarizability will be larger than the bare polarizability of a 
single point dipole when the local field factor P is greater than zero and will be 
smaller than the bare one when is negative. Notice that even for the isotropic 
lattice absence of anisotropy, the value of the local field is still greater than 
zero [Pz = Pxy — 4 7 R / 3 ) , one physical implication is that the presence of lattice 
will increase the polarizability compared with that of a bare dipole. And the 
effective equals to the bare polarizability again at about logio Q = 0.1. 
3.5.2 Onsager reaction field 
A problem with the Lorentz theory is in regard to its generalization to polar 
media with permanent dipole moments fj,. A simple replacement of the polariz-
ability Q； by Q； + fi^/ksT in the Clausius-Mossotti relation leads to a divergent 
dielectric constant, a phenomenon known as the polarization catastrophy. In 
1936, Onsager [25] resolved this problem by introducing a reaction field RQ： 
3.5 Contact with macroscopic concepts ^ 
while the Lorentz local field at the origin is due to all dipole moments of the 
lattice in the absence of the dipole moment at the origin, the reaction field 
at the origin arises from the additional polarization of the surrounding dipole 
moments due to the dipole moment po at the origin. 
In detail, the reaction field is conveniently expressed as Rq = Xapo/V^, 
where A is the reaction field factor. So, the self-consistent equation becomes: 
Solving we get the effective polarizability Ofeff and the effective dielectric con-
stant eeff: 
= 1-a^/V^-Xayvr (3.11) 
= 1 +芸(1 — a / V l T - - ( S - I S ) 
This resolves the problem of divergence of the dielectric constant. 
And for making contact with the concept of the reaction field, in the present 
case, the Onsager reaction field at the origin is given by: 
Ro = CK X ] Tor ： Tro • Po, (3.13) 
where a is the bare polarizability and T is the dipole interaction tensor 
Tor = V R V R ^ = TRO. (3.14) 
Unlike the summation of the local field, the infinite sum [Eq.(3.13)l for the 
Onsager reaction field is indeed absolutely convergent. No Ewald-Kornfeld 
formulation is needed because the product T:T is positive definite. For a 
simple cubic lattice of dipole moments, by summing over nearest neighbors, 
the result is: 
Ro = 
which is already close to the infinite lattice limit Rq « IQ.Sapo/V^. It is 
instructive to extend the consideration to anisotropic lattices. Again, the 
3.5 Contact with macroscopic concepts ^ 
summation over sphere has helped the convergence. W e perform the direct 
summation in the real lattice to obtain the reaction field factor A for various q 
ranging from 0.5 to 2.0. In Fig.3.2(a) and 3.2(b), we plot A versus logio q for 
the longitudinal and transverse field cases respectively. There is a minimum A 
around q = 1 (but not exactly at ^  = 1) in both cases and A increases rapidly 
when q deviates from unity. As evident from Fig.3.2, the effect of geometry 
anisotropy has a strong impact on the reaction field strength. 
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Figure 3.1: (a) The normalized local field strength plotted against logio 9 for dipole 
moments along the uniaxial anisotropic axis. When q deviates from unity, the effect 
of geometric anisotropy has a strong impact on the local field strengths, (b) Similar 
to (a), but for dipole moments perpendicular to the uniaxial anisotropic axis, (c) The 
effective polarizability plotted against log^ o q for dipole moments along the uniaxial 
anisotropic axis. When q deviates from unity, the effect of geometric anisotropy 
has a similar effect on the effective polarizability. (d) Similar to (c), but for dipole 
moments perpendicular to the uniaxial anisotropic axis. 
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Figure 3.2: (a) The reaction field factor plotted against logi。q for dipole moments 
along the uniaxial anisotropic axis. When q deviates from unity, the effect of geo-
metric anisotropy has a strong impact on the reaction field strengths, (b) Similar 
to (a), but for dipole moments perpendicular to the uniaxial anisotropic axis. 
Chapter 4 
Field-induced s t ructure 
t ransformat ion in E R solid 
As said in the Introduction, the application of an intense electric field to an E R 
fluid will cause the suspended particles to form chains along the field direction 
so as to minimize the dipolar energy when separate dipoles interact with each 
other. And the chains then further aggregates to form solids. The study of the 
chain and structure formation and further transformation is of main interest, 
especially transformation between different solid states are important process 
in our natural world and have many applications. In these regimes, Tao and 
Sun [14] performed a detailed analysis on the formation of chains and the 
interaction between chains to form solid structure. The authors work out that 
there are two classes of chains formed and further aggregates and with the 
free energy calculations for several lattice structures using the dipolar model, 
the ground state structure of an E R fluid is B C T with lattice parameters 
ai = x/Gax, a2 = V6ay, and aa = 2az. The results for the dipole interaction 
energy per particle for several lattices are given in Table 4.1 [14 . 
Recently, Tao and coworkers [15] proposed that a structure transforma-
tion from the B C T ground state to some other lattices can occur when one 
simultaneously applies a magnetic field perpendicular to the electric field and 
24 
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Structure u (units of 
bet lattice -0.381268 
fee lattice -0.3702402 
hep structure -0.3700289 
separated chains -0.300514 
cubic lattice -0.261799 
Table 4.1: Dipole interaction energy per particle for various lattice structure. 
the polarized particles possess magnetic dipole moments. The correspond-
ing transformed structure depends on the relative strength of the electric and 
magnetic field. Sheng and coworkers [16] verified the proposal experimentally 
and observed a structure transformation from the B C T to face-centered cubic 
(FCC) lattices. Motivated by these studies, we propose an alternative struc-
ture transformation from the B C T to the F C C structure, through a series of 
intermediate lattices. The main difference with that done by Tao. et. al. is 
that the structure transformation is done by applying pure electric field instead 
of crossed electric and magnetic field simultaneously. W e begin our study by 
considering the local electric field for a B C T lattice of point dipoles via the 
Ewald-Kornfeld formulation. 
4.1 Ewald-Kornfeld Formalism - body-centered 
tetragonal lattice 
In this section, W e again adopt the point-dipole approximation [14] apply the 
Ewald-Kornfeld formulation [18，19] to compute the local electric field for a 
B C T lattice of point dipoles. The B C T lattice can be regarded as a tetragonal 
lattice, plus a basis of two point dipoles, one of which is located at a corner and 
the other of which at the body center of the tetragonal unit cell. Recall from 
previous chapter that the tetragonal lattice has a lattice constant c = q^ along 
the z-axis and lattice constants a = b = [q部 along the x and y axes with 
4.1 Ewald-Kornfeld Formalism - body-centered tetragonal lattice ^ 
volume of the tetragonal unit cell equals Vc = and q measures the degree of 
anisotropy as it deviates from unity. So far, the lattice parameter ^ remains 
arbitrary. For hard spheres in an E R solid, however, the lattice parameter ^ 
can be determined from the relation: + c^ = where R is the radius 
of the spheres. The hard sphere condition requires a > 2R and c > 2R. For 
the Tao's B C T ground state, a = b = V^R and c = 2R, while for the F C C 
lattice, a = 6 二 and c = V ^ R [14]. The B C C lattice is characterized by 
a = b = c= y/l6/3R. Each sphere has a point dipole embedded at its center. 
With the lattice vector of the tetragonal lattice again given by Eq.(3.6) and the 
reciprocal lattice vector given by Eq.(3.7), and follow the similar procedures in 
the tetragonal lattice case in Chapter 3, with now two dipoles per tetragonal 
cell, the local field as a function of the degree of anisotropy q can be computed. 
Consider the longitudinal field case: p = pz, i.e., the dipole moments being 
along the uniaxial anisotropic axis. The local field E at the lattice point R = 
0 reduces to 
E . = p t t i - m ) + 鄉 ⑷ 丨 - 寄 E 耶 ) 蒙 exp ( 若 ) + 察(4.1) 
j=l R G^O 
and Ex = Ey = 0. In the equation, Zj and Rj are respectively given by: 
?• - 1 7 - 1 
Zj = n- Rj = R — (ax + a y + cz) ’ 
L ^ 
and S{G) = 1 + exp[i(n + + w)/tt] is the structure factor. Similarly, the 
expression of the local field for the transverse-field case can again be obtained 
by modifying Gz as that in Section 3.2. In this case, the local field is computed 
by summing over all integer indices, (J, /, m, n) / (1,0，0,0) for the summation 
in the real lattice and (u,v,w) + (0,0,0) for that in the reciprocal lattice. 
Similar to that of Section 3.4, a spherical region of summation is used to help 
the convergence. 
Effects of structure transformation on the local field ^ 
4.2 Effects of structure transformation on the 
local field 
The results of the local field strength (normalized to 47rP/3) against logio q 
for the longitudinal and transverse field cases are plotted in Fig.4.2(a) and 
Fig.4.2(b) respectively. For comparison, the corresponding results for a tetrag-
onal lattice (i.e., in the absence of the body centers) are also plotted on the 
same figure. As q decreases, the local field for the longitudinal field case in-
creases rapidly while that for the transverse field case decreases rapidly. In 
both cases, when q deviates from unity, the effect of anisotropy has a pro-
nounced effect on the local field strengths. 
Unlike the tetragonal case, the local field of the B C T lattice does not vary 
much near ^  = 1. When we magnify the scales in Fig.4.2(c) and Fig.4.2(d), 
we observe a non-monotonic behavior as q increases: as c increases from Tao's 
B C T with q = (2/3)("3) « 0.8736，the local field initially decreases rapidly 
towards the isotropic value at B C C , or g = 1, decreases further, reaching a 
minimum value and increases, passing through the isotropic value again at 
an intermediate lattice, reaches a maximum value and finally decreases to the 
F C C lattice, which has seemingly anisotropic cell but actually again a genuine 
isotropic lattice, at q =⑶("3) « 1.25992. (see Fig.4.1). Actually the isotropic 
value of the intermediate lattice is attributed to the symmetry of the dipole 
interaction tensor. For all these isotropic lattices, the near field vanishes and 
the local electric field equals the value of far field (i.e. Stt/S). 
And again we use the result of the local field to evaluate the effective 
polarizability aes with Eq.(3.9) and hence the effective dielectric constant Ceff 
for corroboration with established macroscopic concepts. Again substituting 
CefF with 1 + 47raeff/Vc，we get: 
eeff-l 二 (4 2) 
广eeff + (3 - 卢 ' ） — ‘ . 
J^.s Structure transformation via rotating electric fields ？5 
where = 尊 a n d V；' = K/2. As a check, for the B C C lattice, /3'= 
1, ceff satisfies the Clausius-Mossotti equation. Thus Eq.(4.2) represents a 
generalization of the Clausius-Mossotti equation to the B C T lattices. 
4.3 Structure transformation via rotating elec-
tric fields 
The results of the local field strength as well as the generalized Clausius-
Mossotti equation allow us to compute the dipole interaction energy per par-
ticle in the E R solid, similar to calculations of Tao and coworkers [14]. If an 
uniaxial field E 二 zE, is applied, the dipole interaction energy per particle 
is given by u = - p • E/2e2, where €2 is the dielectric constant of the host 
medium. Since E, = and p = aE:, we obtain 
Q p2 
u = -777-riT in units of 3. (4.3) 
{Vc/a^) €2a3 
The result of the dipole interaction energy per particle against q is shown 
in Fig.4.3. The results agrees with the data shown in Table 4.1 for those 
several lattices as done by Tao and Coworkers. Notice as q increases from 
the B C T ground state to the F C C structures, the volume of the unit cell 
increases initially, reaching a maximum at the B C C structure, then decreases 
to the F C C structure. As the local electric field strength remains almost 
constant in the range 1 < q < 1.5, the increase in the magnitude of the 
dipole energy per particle is attributed to the decrease in the volume of the 
unit cell. Concomitantly, as shown in Fig.4.3, the energy per particle initially 
increases from the B C T ground state, reaching a maximum near the B C C 
structure and then decreases all the way towards the F C C structure. The 
transformation involves climbing up an energy barrier beyond which the F C C 
structure becomes stable, which is in contrast with the smooth and monotonic 
transition proposed in previous work [15, 16 . 
J^.S Structure transformation via rotating electric fields ^ 
Next we apply a rotating electric field E工” = r E , in the plane perpendicular 
to the uniaxial electric field, where r = E^^y/E, is the ratio of the rotating to 
axial field strength. The instantaneous electric fields are E^ = E^y cos(a;t + </>) 
and Ey = E^y sin{u}t + 0), where u is the angular velocity of the rotating field 
and (/) is an arbitrary phase angle. In this case, the dipole interaction energy 
per particle is modified to: 
u = in units of (4.4) 
As shown in Fig.4.3, when we increase the ratio r, the B C T ground state 
energy increases while the F C C energy remains unchanged, but there is still an 
energy barrier between the B C T and F C C states for small r. W h e n r > 2.6, the 
energy barrier disappears and the F C C structure is the most stable. Physically 
it means that one has to break the chains to make the structure transformation 
possible when the strength of the rotating electric field is sufficiently large. 
From the energy consideration, we suggest that the structure transforma-
tion be realized in experiments by applying a rotating electric field in the plane 
perpendicular to the uniaxial electric field. In this field configuration, both the 
time average value of the induced dipole moment and that of the rotating elec-
tric field vanish in the plane. However, the instantaneous dipole moment will 
induce an overall attractive force between the particles in the plane perpendicu-
lar to the uniaxial field. This is very different from the previous transformation 
proposed by Tao et al [15] and experimentally verified by Sheng and coworkers 
16] by using crossed electric and magnetic fields on microparticles which pos-
sess permanent magnetic dipole moments. In our case, the field configuration 
is all electrical; no magnetic field and/or magnetic materials need to be used. 
Alternatively, we may apply the same rotating electric field configuration to a 
magnetorheological fluid to achieve the structure transformation. 
Competitions between FCC and HCP 30 
4.4 Competitions between FCC and HCP 
Similar to that in Ref.[15]’ we have computed the dipole interaction energy for 
various lattices and it agrees with that calculated by Tao to six and seven deci-
mal places. Notice that the energy difference between the F C C and hexagonal 
close-packed (HCP) structures is very small, and is comparable to the thermal 
energy, there is a competition between these structures. Notice that H C P is 
weakly anisotropic. W e will likely find an FCC-HCP mixed structure. How-
ever, it appears that our field configuration helps a four-fold symmetry in 
the plane of the rotating field and the F C C structures may be more favorable. 
Nevertheless, we are awaiting experimental evidence on the proposed structure 
transformation. 
4.5 Figures ^ 
4.5 Figures 
(a) Tao lattice unit cell (b) bcc unit cell 
籠 _ 
懇 謎 
(c) the intermediate lattice unit cell (d) fee unit cell 
Figure 4.1: A sequence of unit cells of BCT lattices during structure transformation: 
(a) Tao's BCT lattice, (b) BCC lattice, (c) intermediate lattice and (d) FCC lattice. 
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Figure 4.2: (a) The local field factor plotted against logio q for dipole moments 
along the uniaxial anisotropic axis, (b) Similar to (a), but for dipole moments 
perpendicular to the uniaxial anisotropic axis, (c) and (d): Magnified versions of (a) 
and (b) respectively to show the different lattices during structure transformation. 
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Figure 4.3: The dipole interaction energy per particle plotted against q for different 
ratio r = Exy/Ez of the rotating to axial field strength. For hard spheres, the 
accessible regions are within the vertical lines depicted by Tao's B C T and FCC. 
Along Tao's B C T line and from bottom to top, r = 0.0, 1.0，1.6，2.0, 2.2, 2.4, 2.6， 
3.0，4.0 and oo. It is evident that the FCC structure is the most stable for large r. 
Chapter 5 




W e have discussed a system with two-point basis in the previous chapter, 
namely, the structure tranformation of B C T lattice with one particle located 
at a corner and the other of which at the body center of the tetragonal unit 
cell. In this chapter, we continue our study on systems with basis composed of 
more than one particle. In detail, we study on distortive lattices, in contrast 
with B C C lattice, with which the particle at the body-center is distorted along 
certain axis. More precisely, we consider two types of spherical particles, say 
A and B particles, all of the same size, forming a body-centered cubic (BCC) 
lattice, with A particles being located at the corners, while B particles at the 
body centers in the conventional cubic unit cell. Each of the type A particles 
is a hard sphere with an embedded dipole at its center. The dipoles have 
fixed positions but they have freely rotating three-dimensional dipole moments. 
Each of the type B particles is a soft sphere with a soft core surrounded by a 
hard shell. The embedded dipole in each of the type B particles can move freely 
34 
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around the particle center due to the soft nature of the core. At the same time, 
the dipoles also have freely rotating three-dimensional dipole moments. Thus, 
under the influence of external fields, the underlying lattice of the particles 
remains B C C , while the embedded dipole lattice associated with the particles 
will be distorted from the B C C structure. 
5.1 Ferrodistortive lattice 
W e first focus on the ferrodistortive case, in which the body centers of the cubic 
cells move along the z-axis with a given distortion (Fig.5.1). With the same 
spirit as the Curie problem for ferrimagnetism, the two-point basis problem 
can indeed be decomposed into two inter-penetrating cubic sublattices, each 
of which, say A and B, can be regarded as a big atom. Thus in the absence 
of monopole and quadrupole, the dipole interaction problem is already non-
trivial. 
In this section, we compute the sublattice dipole interaction tensors as well 
as the sublattice local fields and dipole moments of a ferrodistortive dipole 
lattice via the Ewald-Kornfeld formulation [18’ 19]. The lattice vector of the 
simple cubic lattice is 
R = a(Zx + my + nz), (5.1) 
where m , n are integers and a is the lattice constant. Thus the volume of the 
unit cell is Vc = a^. For the ferrodistortive dipole lattice, there is a two-point 
basis associated with the unit cell: 
where -1 < t < 1 measures the distortion of the body-centered dipoles from 
those of the undistorted B C C lattice. Thus, when t = 0, the dipole lattice 
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coincides with the underlying B C C lattice, while the body-centered dipoles 
approach the cubic faces when 尤 土1. By expressing the summation over the 
two-point basis in the unit cell explicitly, we rewrite the sublattice local field 
as: 
EA = TAA • PA + TAB • Pc, 
E B = Tba • PA + T B B • Pi3, (5.2) 
where the p's are the sublattice dipole moments while Ta^ denotes a sublattice 
interaction tensor: 
I 
Tab = Y^ a,b = A,B, (5.3) 
R 
and “ prime" denotes a restricted summation which excludes R = 0 when a = b. 
These sublattice interaction tensors become diagonal tensors if the distortion 
is along the z-axis. Eq.(5.3) can be recast in the Ewald-Kornfeld form [18, 19]: 
I 
Pa • Tab • P6 = (Pa.P6)B(raRb) + (Pa.raR6)(Pb'raRb)CXraR(0: 
R 
- e x p [(Pa . G ) exp(iG • ra)(pb. G ) exp(-iG . r^)； 
+ 鶴 ‘ , c i , b = A,B, (5.4) 
where the reciprocal lattice vector G is : 
G = —(ux -hvy-h wz), (5.5) 
a 
where u,v,w are integers. The Kronecker delta Sab takes on value 1 when a = b 
and 0 otherwise. 
5.1.1 Sublattice interaction tensors 
With the above formalism using the spherical summation region as before, the 
computation has been repeated for various distortion along the z-axis, with t 
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ranging from -1 to 1. From the calculations, the sublattice interaction tensors 
are found of the form: 
‘ 警 丄 0 0 、 
T = 0 f u；丄 0 , 
V 0 0 f^ii ] 
where u；丄丨丨)is the local field component arising from a particular sublattice 
when all dipoles are perpendicular (parallel) to the direction of distortion. W e 
find that u;丄 and i;丨丨 satisfy the sum rule relation: 丄 + = 3/K. Note that 
there are only two independent sublattice interaction tensors from symmetry: 
Att 
T m = T^B = y K ( l , l , l ) , 
JAB = = (5.6) 
where K is a diagonal tensor. Note that both JAA and TBB are independent 
of the distortion. They are just the Lorentz local field tensor of the previous 
result of the simple cubic lattice. The results of diagonal elements of Tab (Tea) 
versus the distortion t for the parallel and perpendicular cases are plotted in 
Fig.5.2(a) and Fig.5.2(b) respectively. In both cases, when t deviates from 
zero, the distortion has a significant effect on the local field. 
5.1.2 Effective polarizability and Clausius-Mossotti equa-
tion 
Next, we apply an external field Eq. By assuming there is no permanent 
dipoles, the total field acting on a site is the sum of the applied field and the 
sublattice local field on that site; hence 
Pa = Q;a(Eo + EA), 
Pb = q;b(EO + EB), (5.7) 
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where is the bare polarizability of the dipole moment Pa- Since we have com-
puted all the sublattice interaction tensors, we can obtain the sublattice dipole 
moments by substituting Eq.(5.2) to Eq.(5.7) and solving the self-consistent 
equations: 
(K(l, 1,1) - qjaTAA) • PA - O^A'^AB • PB = a^Eo, 
-C^BTBA • PA + (K(l, 1,1) - AEJEB) • PB = Q^BEQ. (5.8) 
The self-consistent equations can be solved either by decompose the two tensor 
equations into 6 component equations or by submatrix algebra. W e consider 
both the parallel and perpendicular case, namely, Eq = (0,0,1) and Eq 二 
(1’ 0’ 0) respectively, with the bare polarizability being as = 0.01 with various 
values of ou 二 0.01,0.02 and 0.10. From the above results, we can compute 
the effective polarizability aes for the parallel and perpendicular case, from 
the equation: p = cveffEo, where p = Pa + PB- Solving yields: 
( 丄 ） = + Q:a(1 + + w 丄 ) ) ( 5 . 9 ) 
。eff - _ 一1 + j(aA + as) + + • 
(II) 二 -OiB + Q!A(-1 + 470^5 ( - 1 + ^^ 丄)) (5 10) 
〜 f f 二 - 1 + j{aA + ae) + Aj^aAaB{2 - 丄 + < ) • 
where 7 = 47r/(3K)- The results of the effective polarizability versus the 
distortion both for the parallel and perpendicular cases are plotted in Fig.5.2(c) 
and Fig.5.2(d). From the results, the distortion has a pronounced effect on the 
effective polarizability. And substituting with the effective dielectric constant 
eeff = 1 + ^ ^ 二 1 + 37Q:efF and solving yields: 
州一1 
= cry (5.11) 
ill) _ 1 
= 2q7 (5.12) 
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with OiA = OiB = OL. And 
〜迁= then eeff - 1 = 37aeff = ^ ^ (5.13) 
and it satisfies the Clausius-Mosotti equation: 
Ceff-l o 4體 /r .N 
W = = 死 （5.14) 
with VJ 二 The factor | comes out from the fact that there are two 
dipoles in a unit cell in distortive lattice instead of one-point basis in simple 
cubic lattice. And this gives us the generalized Clausius-Mosotti equation for 
the ferrodistortive lattice. 
5.2 Antidistortive lattice 
Then we extend further to study the antidistortive case, in which the body 
centers of the two adjacent cubic cells move towards (or away from) each 
other with a distortion (Fig.5.3). Thus, the two adjacent cubic cells become 
non-equivalent and this extends to a tetragonal unit cell consisting of two 
conventional cubic unit cell, with a four-point basis corresponding the two A 
particles at the corners and two particles along the axis of distortion. Again, 
the method of sublattice calculations help the theoretical analysis. 
In this section, we compute the sublattice dipole moments as well as the 
sublattice local fields of a tetragonal lattice via the Ewald-Kornfeld formulation 
18，19]. The lattice vector and the reciprocal lattice vector of the tetragonal 
lattice is given by 
R = a(lx + m y + 2nz), (5.15) 
O-rr 1 
G = - ( u x + vy-h^wz), (5.16) 
a 2 
Thus the volume of the tetragonal unit cell is Vc = For the antidistortive 
dipole lattice, there is a four-point basis associated with the tetragonal unit 
cell: 
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Al = (0,0,0), 51 = (f,t,f(l-t)),A2 = (0,0, a), 52 = (f，f，f (3 + t))， 
where -I < t < I measures the distortion of the body-centered dipoles from 
those of the undistorted B C C lattice. Similar to the ferrodistortive case, by 
expressing the summation over the four-point basis in the unit cell explicitly, 
we rewrite the dipole lattice sum as: 
EAI 二 Taiai.Pai + Taibi.Pbi+Tal42.Pa2 + Tai^.Ps2, 
E B I = T B L 4 1 . P A L + T M B L . P M + T M A 2 . P A 2 + T B L B 2 . P B 2 ， 
EA2 = TA2A1 • PAI + JA2B1 • PBI + TA2A2 ' PA2 + '^A2B2 ' PB2, 
E J 3 2 = T B 2 A 1 • P A I + T B 2 B 1 " P S L + B2A2 ' PA2 + B2B2 ' P B 2 , ( 5 - 1 7 ) 
with the expression of the sublattice interaction tensor Tab just equals to that 
of Eq.(5.3) and can also be recast as the form in Eq.(5.4) with now a,b = 
Al,Bl,A2,B2. Following the same approach as the ferrodistortive case, we 
compute some of the sublattice quantities and examine the overall dielectric 
behaviors. 
5.2.1 Sublattice interaction tensors 
The sublattice interaction tensors are computed using Eq.(5.4) as in the fer-
rodistortive case, with now a,b = A1,B1,A2,B2 and K 二 2a3. Again the 
computation are repeated for various distortion along the z-axis, with t rang-
ing from -1 to 1. All the sublattice interaction tensors are also diagonal and 
with the tensorial components satisfy the sum rule relation as before. By virtue 
of symmetry, the evaluation of five independent sublattice interaction tensors 
are needed: 
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TAIAI 二 Ta2A2 二丁編1 二 T 謂 2 =学K—o’""A),署-2一， 
T A I B I = T B I A I = T A I B 2 = T B 2 A 1 = Y ^ I W U W I , ^ - 2 W I ) , 
TAIA2 = T^2A1 = 2’ 切 2 ,臺— 2 一’ 
4兀 3 
TA2BI 二 TB1A2 二 TA2B2 = B2A2 = y K(U;3，切3, ； — 
4 3 
TbiB2 二 丁丑251 = - - 2W4)’ (5.18) 
where K is a diagonal tensor. Both wq and W2 are the contributions from 
sublattice Al (or A2), with no contribution from sublattice B’s, which act on 
the lattice sites A2 (or Al) only. Moreover, both wq and W2 are independent 
of the distortion. There is a simple, yet nontrivial relation: wq + W2 = 1-
This relation can be understood by observing that the two siiblattices Al 
and A2 indeed form a simple cubic lattice and thus the local field coincides 
with the Lorentz field. The results of the diagonal elements of the 5 sublattice 
interaction tensors (normalized by 47rP/3, P being the polarization) versus the 
distortion t for the parallel and perpendicular cases are plotted in Fig.5.4(a) 
and Fig.5.4(b) respectively. In both cases, when t deviates from zero, the 
distortion has a significant effect on the local field. 
5.2.2 Sublattice dipole moments 
Next, we apply an external field E。. The total field acting on a site is the sum 
of the applied field and the sublattice local field on that site; hence 
P A I = + E A I ) , 
PBI = Q!5I(EO + EFLI), 
PA2 = Q;A2(EO + EA2)， 
PB2 = as2(Eo + Es2)， (5.19) 
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where aa is the bare polarizability of the dipole moment Pa. W e can obtain 
the sublattice dipole moments by solving the equations self-consistently with 
Eq.(5.17). W e consider both the parallel and perpendicular case, namely, 
Eo = (0，0,1) and Eq = (1，0，0) respectively, with the bare polarizability being 
Q!ai = aA2 = OiBi = (y-B2 = 0.01. W e found that all the dipole moments are 
parallel to the axis of distortion for the parallel case (denoted by Paiz, Pa2z, 
Psi” VB2Z) and are perpendicular to the axis of distortion for the perpendicular 
case (denoted by pmx, Pb2x, Pbix, Pb2x)- The results of the sublattice dipole 
moments versus the distortion t for the parallel and perpendicular cases are 
plotted in Fig.5.4(c) and Fig.5.4(d) respectively. In both cases, when t deviates 
from zero, the distortion can have a significant effect on the dipole moments. 
In the range from t = -0.5 to t = 0.5, the values of all dipole moments are 
roughly constant and change gradually. Beyond \t\ = 0.5，the changes become 
non-monotonic. Note that for the parallel case all dipole moments have abrupt 
changes around t = 土0.7. Especially for pbu and ps2z (being identical to each 
other), the dipole moments change from a large positive to a large negative 
value around t = 士0.7. Physically, this corresponds to the existence of a 
depolarization field arising from all other dipoles, leading to a cancellation of 
the external field and this cancellation is largest around t = 土0.7. The dipole 
moments increase and approaches zero as the distortion increases further. As 
a check, both pbu and pb2z vanish at t = 土 1. This can be checked from 
the local field at A sites at 亡=±1 as if there were no dipoles at B1 or B2 
sites. This phenomenon is known as polarization catastrophe arising from the 
self-consistent solution [20, 23, 24]. W e discuss this phenomenon in more detail 
below. 
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5.2.3 Effective polarizability and polarization catastro-
phe 
W e are now in a position to reveal the overall dielectric behaviors, namely, the 
effects of a distortion on the effective polarizability, as well as on the effective 
dielectric constant from the sublattice results. From the above results of the 
dipole moments, we can compute the effective polarizability and the effective 
dielectric constant. The effective polarizability can be found by the equation 
p = ae//Eo, where p = Pai + Pa2 + P m + Pb2, by substituting the data of the 
sublattice dipole moments. The results of the effective polarizability versus the 
distortion both for the parallel and perpendicular cases are plotted in Fig.5.5(a) 
and Fig.5.5(b) while the effective dielectric constant against the distortion both 
for the parallel and perpendicular cases are plotted in Fig.5.5(c) and Fig.5.5(d) 
respectively. Note that in all cases the bare polarizability aBi = olb2 == 0.01， 
and for various values of oui 二 = 0.01,0.02,0.1 Similar behaviors are 
obtained for the effective polarizability and the dielectric constant for both the 
parallel and perpendicular cases. First of all, we observe that the distortion 
is favorable in the parallel case with qai = = 0.01,0.02 an also in the 
perpendicular case with o：幻 二 aA2 = 0.01,0.02,0.1, as the values for both the 
effective polarizability and the effective dielectric constant have a minima in the 
range -0.7 < t < 0.7. For the parallel case, again we observe an abrupt, non-
monotonic change for the effective polarizability and the dielectric constant 
around 尤=士0.7. Namely, the effectively polarizability and hence the effective 
dielectric constant changes from a positive value to a negative value abruptly, 
known as the phenomenon of polarization catastrophe. This is a well-known 
pathological nature of the Lorentz local field concept and such a phenomenon 
may be difficult to be observed in experiments due to the constraint of the 
hard shells on the soft particles. The core dipoles in the soft spheres cannot 
move that far to cause a diverging polarization. However, this remains a 
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puzzle whether this diverging polarization may actually occur in real systems. 
Nevertheless, a careful consideration of the Onsager reaction field may exclude 
this possibility. To resolve the phenomenon of polarization catastrophe, we 
would follow Onsager [25] to invoke the reaction field concept. In the Lorentz 
theory, we first remove the dipole from the lattice, before we calculate the local 
field right at that point. However, we must put the dipole back and it will 
further polarize the medium. And this additional polarization will influence the 
dipole itself (and hence the name reaction field). If we take the reaction field 
into account, then the phenomenon of polarization catastrophe will disappear 
28:. 
5.2.4 Depolarization field 
As we already obtained all the sublattice interaction tensors and dipole mo-
ments, we can also compute the sublattice local field E^i, Ea2, E^i and 
Eb2 in terms of the distortion t from Eq.(5.17). In order to illustrate the 
depolarization field more clearly, the results of the sublattice local electric 
fields against the distortion t both for the parallel and perpendicular cases 
for aAi = Q!a2 = ttBi = 0(82 = 0.01 are plotted in Fig.5.6(a) and Fig.5.6(b) 
respectively. From these figures, it is clear that the sublattice local electric 
field drops to a negative value beyond t = 士0.7. This illustrates that there is 
a competition between the external field Eq and the negative depolarization 
field Efii and Eb2. Again, this rapid change of the sublattice local electric 
field indicates the phenomenon of polarization catastrophe. Nevertheless, the 
dipole moment inside the soft sphere cannot be distorted that far to cause the 
problem. 
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5.3 Experimental realization - colloidal self-
assembly 
W e have studied the effects of lattice distortion on the local field and the 
implication on the overall dielectric behavior. W e can take one step forward 
to consider the energy approach and work out the conditions for realizing the 
lattice distortion. In fact, according either Fig.5.2(b), Fig.5.2(d), Fig.5.4(b) or 
Fig.5.4(d), there is a local minimum in the polarizability near t = 0. Thus, a 
distortive dipole lattice (either ferrodistortive or antidistortive) may be induced 
by applying a rotating electric field along one of the principal axes of the body-
centered cubic (BCC) lattice based on the discussion in chapter 4. 
The antidistortive dipole lattice can be synthesized by self-assembly of two 
different types of particles, driven by type-dependent forces. The surfaces of 
these particles are suitably treated so that the particles are subject to attractive 
(repulsive) forces between the different (same) types of particles. These forces 
assemble the particles into various structures. The self-assembly of two types 
of particles was motivated by a recent experimental demonstration of D N A -
assisted self-assembly of nanoparticles [29]. It can be shown that in the limit 
of an extremely short-range potential and a large binding energy between the 
unlike particles, the B C C lattice should be the most stable [30]. And the 
possibility of a self-assembled B C C ground states structure also provides us 
a basis structure to examine further structure transformation by applying an 
external electric field. The possible control over the transformation from one 
lattice to the other one offers various potential applications such as in optical 
switching in photonic band-gap materials [31 • 
There was a space shuttle project called binary colloidal alloy test (BOAT) 
conducted by N A S A several years ago in out of space [32]. The B C A T project 
was conducted on a binary mixture of colloidal particles of different sizes. 
Under microgravity conditions, colloidal crystals were indeed formed. Our 
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proposed colloidal self-assembly differs in that all the particles are of the same 
size and that the assembly are driven by two different types of forces. In this 
regard，under the action of external electric fields (either static or rotating or 
both), we may be able to mimic the microgravity conditions in out of space to 
synthesize self-assembled colloidal crystals in ground-based experiments. 
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Figure 5.1: The unit cell of ferrodistortive dipole lattice. 
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Figure 5.2: (a) The sublattice dipole interaction tensor of the ferrodistortive lattice 
plotted against the distortion t for dipole moments along the axis of distortion for 
several values of the bare polarizability a = 0.01,0.02 and 0.1. (b) Similar to (a), 
but for dipole moments perpendicular to the axis of distortion, (c) The effective 
dipole polarizability plotted against the distortion t for dipole moments along the 
axis of distortion for several value of the bare polarizability a = 0.01,0.02 and 0.10. 
(d) Similar to (c) but for dipole moments perpendicular to the axis of distortion. 
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Figure 5.3: The antidistortive dipole unit cells in B C C lattice. The B C C particle 
lattice is not shown for clarity. 
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Figure 5.4: (a) The sublattice local field factors (normalized to 47r/3) of the an-
tidistortive lattice plotted against the distortion t for dipole moments along the axis 
of distortion. The bare polarizability a = 0.01. (b) Similar to (a), but for dipole 
moments perpendicular to the axis of distortion, (c) The sublattice dipole moments 
plotted against the distortion t for dipole moments along the axis of distortion. The 
bare polarizability a = 0.01. (d) Similar to (c) but for dipole moments perpendicular 
to the axis of distortion. 
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Figure 5.5: (a) The effective polarization factor of the antidistortive lattice plotted 
against the distortion t for dipole moments along the axis of distortion for several 
values of the bare polarizability a = 0.01,0.02 and 0.1. (b) Similar to (a), but for 
dipole moments perpendicular to the axis to distortion, (c) The effective dielectric 
constant plotted against the distortion t for dipole moments along the axis of dis-
tortion for several value of the bare polarizability a = 0.01,0.02 and 0.1. (d) Similar 
to (c) but for dipole moments perpendicular to the axis of distortion. 
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Figure 5.6: (a) The sublattice local electric field (normalized to the external field) 
of the antidistortive plotted against the distortion t for dipole moments along the 
axis of distortion for a = 0.01. Note that a rapid change of the local field occurs 
near t = ±1. (b) Similar to (a), but for dipole moments perpendicular to the axis 
of distortion. 
Chapter 6 
Discussion and conclusion 
6.1 Discussion on our work and possible fu-
ture extension 
Here a few comments on the results are in order. First of all, in this thesis we 
have considered infinite lattice. For finite lattices, one must be careful about 
the effects of different boundary conditions [33]. Secondly, we have employed 
a lattice structure in our present work, but indeed our formalism can readily 
be applied to an assembly of randomly placed dipoles by considering a more 
complex basis in a unit cell. Such an extension will be useful for the study of 
dielectric liquids under an intense electric field. 
Also we should remark that the work in all the preceding chapters employs 
the electrostatic (point-dipole) approximation, which is in the same spirit as 
done by Tao et al [14]. While such an approximation is simpler to implement 
and suffices in many cases, for optical properties of composites of metallic par-
ticles embedded in a dielectric host medium, however, one must go beyond 
the electrostatic approximation [34]. And in the case of colloidal particles are 
indeed finite extended objects, the dipole approximation may err considerably 
when the particles approach and finally touch, due to multipole interactions 
between the particles. A dipole-induced-dipole (DID) model, which takes into 
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account the mutual polarization effect between touching particles, can dras-
tically improve the accuracy towards the fully multipolar calculations [27 . 
Since the DID contribution becomes important for small reduced separation 
a = d/2R < 1.1 [27], we can simplify the calculations by limiting ourselves 
to touching spheres only. W e may omit the non-touching spheres (unless the 
spheres get very close so that a = d/2R < 1.1). Each sphere is in contact 
with 8 neighboring spheres in the B C T lattices and 12 neighboring spheres 
in the F C C lattice and the number of DID images dipoles is therefore finite. 
The generalization thus includes the original point dipoles as well as all the 
DID images dipoles at well-defined positions in the unit cell and the general 
formula Eq.(3.3) can indeed be used. W e take one more step to extend the 
Ewald method for calculations of various multipole interaction tensors to in-
clude the multipolar effects. W e will discuss in more details in- Appendix C. 
This field remains open for investigation and it will be one of our future work 
in studying in systems with multipolar interactions. However, the point-dipole 
results remain qualitatively correct in many cases. 
Besides, there are many possibility to extend our work in future. For 
example, in most of our studies we assume the particles are hard spheres with 
dipole embedded in it. In future work, we may extend our work by adding 
a Lennard-Jones potential to the Ewald-Kornfeld formulation by assuming a 
soft-sphere particle which may be compressed: 
This gives the possibility to study more on such systems with particles which 
are so close that a Lennard-Jones type of repulsive potential exist. W e may 
also study on the asymptotic behavior of the local field distribution against 
the anisotropy. For example, we may express the normalized local field factor 
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as: 
= A ) + logg + ( l o g + AsilogqY + ... ’ 
or as better empirical form to express the relation between the 0' and log q for 
use in ac E R effect and to investigate the asymptotic behavior as | log^| oo. 
W e start our research of geometric anisotropy step by step with studies the 
anisotropic effects on system with one point basis as first, then the structure 
transformation for the two point basis of bet lattice and after this the lattice 
distortion of many-point basis of distortive lattices. As a consequence, we will 
possibly in future extend the present theory to statistical geometric anisotropy 
28]，e.g., that being induced by the electrorheological effects [11]. W e may also 
extend the formulation to a randomly dilute lattice of dipoles, by taking away 
a given fraction of dipole moments from the lattice, to mimic mixed magnetic 
and non-magnetic ions. Up till now there is no microscopic calculation on the 
local field distribution. 
W e have also studied on the structure transformation of E R solids in various 
aspects. W e can give more studies on the transformation of E R solids with 
different configurations. And also since collidal systems are ready to produce 
so as to study further transformation, we may also extend our work in colloidal 
systems. 
6.2 Conclusion 
In this thesis, we have applied the Ewald-Kornfeld formulation to lattices 
of different number of point basis, namely, tetragonal, B C T , ferrodistortive 
and antidistortive lattice of point dipoles, to examine the effects of geometric 
anisotropy or structure transformation by lattice distortion or by basis distor-
tion, on the local field distribution. The various problems encountered in the 
computation of the conditionally convergent summation are addressed and the 
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methods of overcoming them are discussed. The results show that geometric 
anisotropy or structure change when the lattice constants vary, has a pro-
nounced effect on the local field distribution. The large value of derivative 
of the local field with respect to the degree of anisotropy suggests potential 
applications as artificial piezoelectric materials, and the effects of the geomet-
ric anisotropy on piezoelectric coefficient has also been investigated for the 
tetragonal lattice. 
Also in the case of the B C T lattice, W e have found that the local field 
exhibits a non-monotonic transition from B C T to F C C with the transforma-
tion through an intermediate lattice. Note that the dipole interaction energy 
between F C C and H C P is very small and comparable to the thermal energy, 
there is a competition between these structures. However it appears that our 
field configuration helps a four-fold symmetry in the plane of the rotating field 
and the F C C structure may be more favorable but awaiting for experimen-
tal evidence. Experimental realization of the structure transformation may 
be possible by the application of rotating electric fields when the ratio of the 
rotating to axial field is larger than 2.6. 
For distortive lattices, we obtain all the sublattice interaction tensors and 
determine the sublattice quantities self-consistently. The lattice distortion has 
a significant effect on the local field distribution and on various physical quan-
tities, the dipole moments, the sublattice field. The concept of depolarization 
field has been demonstrated. And especially for antidistortive lattice, the 
results shows the phenomenon of polarization catastrophe. The problem of 
existence of such phenomenon still remains a puzzle. The reaction field con-
cept by Onsager may resolve the problem. W e also discussed the synthesis of 
the distortive dipole lattice in experiments by self-assembled colloidal systems. 
And the most importantly, we also extracted the overall dielectric behavior 
of these structures by making contacts with macroscopic concept and derive the 
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generalized Clausius-Mossotti equations in some cases which links the meso-
scopic quantities to the macroscopic properties. W e should notice that our 
studies based on infinite lattice, we can extend our work to finite lattices with 
different boundary conditions or even study the assembly of randomly placed 
dipoles by considering a more complex basis in a unit cell. 
Appendix A 
Piezoelectric coefficients by 
Ewald-Kornfeld formulation 
In previous chapters we showed the large value of the derivative of the local 
field with respect to the degree of anisotropy. This suggest the possibility of 
potential applications as artificial piezoelectric materials as one can change 
the degree of anisotropy easily in a suspension. Motivated by this idea, we 
have also studied the geometric anisotropic effects on the piezoelectric coef-
ficient in three-dimensional tetragonal lattice of point dipoles by using the 
Ewald-Kornfeld formulation by differentiating the local field along the uniax-
ial anisotropic axis with the degree of anisotropy. Notice although spherical 
summation region has already been used to obtain better convergence, only 
nearly sharp plateau could be found due to the fact that the derivative of the 
local field behaves even worse than the conditionally convergent summation of 
the local field and reciprocal lattice sum will not converge well as rj increases. 
Nevertheless, our result shows that the values of piezoelectric coefficient by 
applying Ewald-Kornfeld formulation agree with those obtained by a simple 
numerical differentiation of the local field expression with respect to the geo-
metric anisotropy. The result of the piezoelectric coefficients with the degree 
of anisotropy q for dipole moments along the uniaxial anisotropic axis by using 
the Ewald-Kornfeld formulation and by a numerical differentiation of the local 
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field results are shown in Fig.A.l. With these results we could have a better 
understanding of the piezoelectric properties of the E R fluid with respect to 
the degree of anisotropy to achieve potential applications. For example, it may 
help in the computation and understanding of the electrostriction of uniaxial 
field structured composites potentially as artificial muscle [35 . 
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Figure A.l: The piezoelectric coefficient plotted against log2 g for dipole moments 
along the uniaxial anisotropic axis by using the Ewald-Kornfeld formulation and by 
a numerical differentiation of the local field results. When q deviates from unity, the 
effect of geometric anisotropy has a strong impact on the piezoelectric coefficient. 
Appendix B 
Alternative formulation for 
Ewald-Kornfeld formulation by 
direct calculations of the dipole 
interaction tensor 
In chapter 3，we presented the general Ewald-Kornfeld formula Eq.(3.3) appli-
cable for computation of local field for arbitrary Bravais lattice. The results are 
obtained separately by considering the transverse and longitudinal field case 
by taking successive derivatives of the potential at that point along the trans-
verse or longitudinal direction. In this Appendix B, we give and alternative 
approach by supplying the program code for calculating the dipole interac-
tion tensor directly by taking the two gradients directly using the package of 
"vector analysis" in Mathematica. Notice also this alternative formulation is 
important for studying the multipole effect. For example, one can easily obtain 
the dipole-quadrupole interaction tensor by replacing the program code with 
three gradients instead of two, and obtain the quadrupole interaction tensor 
with four gradients and so on. This provides a tools for extension of our present 
theory beyond the dipole approximation as the dipole approximation may err 
considerably when the particles touch each other. The general formulation for 
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a system of polarizable particles with induced multipole moments is given in 
Appendix C. 
As an example, we present the source code for the tetragonal lattice of 
dipoles by direct calculations of dipole interaction tensors using Mathematica, 
and it gives results in sets of rank 3 diagonal tensors with the diagonal ele-
ments being the two transverse field elements and the longitudinal elements 
respectively. 
( * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ) 
(* Alternative approach of Ewald-Kornfeld theory for a tetragonal 
array of dipoles by taking the gradients for the dipole 
interaction tensor directly *)} 
(**************************氺****************************************) 
(* Below loads the package of vector analysis and set the 





(* Long-range part of the Ewald sura *) 
w=l.l; a=l/qA(l/2); 
rad = 8; m = Ceiling[rad/a]+1/.{q->w}； (* rad/a should be changed 
to radius/q for anisotropy < 1 
and sum over a sphere of radius rad and add 1 to 
B Alternative formulation for Ewald-Kornfeld formulation by direct 
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ensure no missing point for convergence *) 
G=h*bl+k*b2+l*b3；GG=(G.G广（1/2); 
X=4Pi/GG八2*EA(I*G[[1]]*x+I*G[[2]]*y+I*G[[3]]*z)(-GG^2/(4*1^2))； 
Xl=Grad[X]； X2=Grad[XI]； X=X2/.{x->0,y->0，z->0>； 
Clear[r] ； H = -(Erf [b*r]/r) /. {r -> (x'^ 2 + 厂2 + z^2)^(l/2)>; 
Hl=Grad[H]； H2=Grad[HI]； H=Limit[H2/.{x->0,y->0},z->0]； 
氺 * * * * * * * * * * * * * * * * * * 氺 * * * * * * * * * * * ： ( ! * 本 * * * * * * * * * * * * 氺 * * * * 氺 + 氺 * • ) 
( * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * • * * * * * * * * * * * * * * * * * * * * * * * * ) 
(* Short-range part of the Ewald sum *) 
R=nl*al+n2*a2+n3*a3； r={x,y，z}-R； rr=(r.r”（1/2); 
F=(Erfc [b*rr])/rr； Fl=Grad[F]；F2=Grad[Fl] ； Y=F2/•{x->0,y->0,z->0}； 
( * * 木 木 * * * * * * * * * * * * * * * * * * * * * * * * * * * * • * * • • • * * * 本 * 本 本 木 本 * * * * * * * * * * * * * 本 * 本 * * * * * * * * * * ) 
( 本 本 本 木 本 木 * 本 本 本 木 本 本 本 氺 氺 本 本 木 本 本 氺 氺 本 本 木 木 木 氺 木 本 氺 本 氺 氺 木 氺 氺 氺 本 本 本 氺 本 木 本 氺 氺 本 本 本 氺 本 本 本 本 氺 氺 氺 本 氺 木 木 木 木 氺 木 本 * * 幸 氺 氺 ) 





Do [If [((G. G) (1/2) /. {q->w}) >rad*2Pi 丨丨 h==0 && k==0 && 1==0, Nothing, 
S1=S1+N [A [h,k,1]]//Chop]； 
,{h, -m, m}, {k, -ra, m}, {1, -m, in}]； 
B Alternative formulation for Ewald-Kornfeld formulation by direct 









{rad, c, N [ (S1+S2) / • sub] }»bct ll.dat; 
{rad ,c,N [(S1+S2) /. sub] }»>bct ll.dat;] 
,{c,-2,l,0.1}] 
( 木 本 本 本 本 氺 本 本 氺 本 本 * 本 木 本 本 本 氺 本 氺 本 本 本 木 本 氺 本 本 * 氺 本 * 本 本 本 氺 本 本 氺 本 本 本 本 本 本 本 本 本 本 本 本 本 本 本 * 本 本 本 氺 本 本 本 本 氺 本 本 本 氺 本 氺 氺 本 氺 ) 
Appendix C 
Ewald-multipole formulation 
In this thesis, all studies have been based on the point-dipole approximation. 
But as in the case of colloidal particles are indeed finite extended objects, al-
though it suffices in some cases, it may err considerably when the particles 
approach and finally touch, due to multipole interactions between the par-
ticles. As a result, we extend the Ewald method to deal with a system of 
polarizable particles with induced multipole polarizabilities. The general for-
mulation is developed for arbitrary multipole polarizabilities and applied to a 
coupled dipole-quadrupole lattice as an example. The consideration of mul-
tipolar effects are of fundamental importance in some industrial and natural 
process. For example, consider the process of photocopying, which involves 
forces between different particles which may be of different charges. The toner 
acquires charges during the Xerox process. Also, granular matter acquires 
charges being shaken or during transportation from one place to the other. 
This is inherently a polydisperse problem, in which the particle may be of 
the same size, but the charge should be of different magnitude. Actually the 
physical origin for the process is still open for investigation. The monopole 
induced dipole problem may shed some light on the granular matter physics 
with charges. In these problems, we usually consider two touching dielectric 
spheres of equal size and permittivity but arbitrary amounts of charge. There 
is no external field. The effects of permittivity and the ratio of charge on the 
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spheres are the main concern. Because of the electric polarization, the electro-
static force can become attractive even when the two spheres carry charges of 
the same sign. In the presence of dielectrophoretic effect，whether the electro-
static force between the two spheres is attractive or repulsive is found to be 
determined by the ratio of charge on the two spheres, and there is a critical 
value for the ratio. However, previous estimates were based on the point-
dipole approximation. As we know, the mutual polarization effects should be 
important when the two spheres approach and touch. 
C.l Multipole fields 
The point-dipole approximation may err considerably due to multipole polar-
izabilities. The simplest model beyond the point-dipole model is to include the 
quadrupole-induced dipole (QID) interaction. O n the other hand, we know the 
exact expressions for the dipole polarizability and the quadrupole polarizabil-
ity of spherical particles. In this Appendix C, we give the application of the 
Ewald method to dipole-quadrupole lattice based on the theory of multipole 
fields. 
Suppose the charges are confined within a spherical region of radius a, the 
potential due to the charges at a point of observation outside the sphere, at a 
distance r > a is: 
� f p{r')dh' 
柳 ) = J (C.l) 
where p is the charge density. Following Jackson [36], we review the theory of 
multipole fields briefly. Expansion |r _ r'|—i into a Taylor expansion around 
r' = 0 gives: 
+ V ' ^ r ' : 。 . + • • ' • ' &” ' =。 : r'r' + ….（。.2) 
C.l Multipole fields ^ 
For functions of r - r',V' = - V and hence 
_ _ = - - v i • r' + ^ V V - : r'r' + … . (C.3) 
r - r' r r 2 r 
The gradients of 1/r can be explicitly evaluated as: 
rrl r … 1 3rr —r2| … 、 
= = (C.4) 
where I is the identity tensor. In fact, the second quantity is the dipole inter-
action tensor (see below). By performing the integrals in Eq.(C.l), we obtain 
= p(rVr') - V ^ • r'p{T')d'r') + ^ v v j : ( J T'T'p{T')d'r') + . .(C.5) 
For the first and second integrals, we define the total charge and the total 
dipole moment of the charge distribution 
q = I P(r')d'r\ p = J T'p(r')d'r'. (C.6) 
For the third integral, we define the quadrupole moment 
Q = I (3r'r' - r'^\)p{T')d'r'. (C.7) 
Note that I : V V ^ = 0 and the second term in the above definition contributes 
nothing to the potential. The quadrupole moment is thus a rank 2，traceless 
tensor. Consequently, the multipole expansion for the potential is obtained 
36]: 
$(r) = V - - P + i v v i : Q + ... • (C.8) 
r r Q r � ' 
C.2 Coupled dipole-quadrupole lattice ^ 
From Eq.(C.8), we can derive the electric field and electric field gradient from 
the potential: 
E = -V<l> = -qV- + V V - • p - i v V V - ： Q + • • • . (C.9) 
r r 6 r 
V E = - ^ V V - + V V V - • p - i v v v v i : Q + • • • . (C.IO) 
r r ^ r ^ ‘ 
The explicit expressions for the multiple gradient of 1/r become increasingly 
complicated and we omit them here. The multipole expansions Eqs.(C.8)-
(C.IO) converge only when r > a. 
C.2 Coupled dipole-quadrupole lattice 
W e will consider an infinite lattice (not necessarily periodic) of point dipoles 
and point quadruples (either permanent or induced), while the total charge 
vanishes (q=0). W e neglect multipole moments higher than the quadrupole 
moments. For convenience, we well denote the various multipole interaction 
tensor quantities by 
T = VV-, V = VVV-, S 二 W W - , (C.ll) 
r r r � ） 
where T is a second rank tensor, V is a third rank tensor, and S is a fourth 
rank tensor. Note that T and S are even under reflection, but that V is odd. 
All the interaction tensors are symmetric with respect to the exchange of any 
pair of indices. From Eq.(C.9), the clectric field at the i-th lattice point is: 
‘ 1 ‘ 
Ei = . p； - ^ Y y ^ j : Qj. (C.12) 
j 3 
The "prime" denotes a restricted summation which excludes j = i. Thus, the 
local electric field arises both from the dipole and quadrupole moments. The 
C.2 Coupled dipole-quadrupole lattice ^ 
second and third terms on the right-hand side are called the dipole-induced-
dipole (DID) and quadrupole-induced-dipole (QID) contributions respectively. 
Similarly, from Eq.(C.lO)，the electric field gradient at the i-th lattice point 
arises both from the dipole and quadrupole moments: 
VE, = ^ V , , . p, - i亡 S " ： Q,. (C.13) 
j j 
The first and second terms on the right-hand side are called the dipole-induced-
quadrupole (DIQ) and quadrupole-induced-quadrupole (QIQ) contributions 
respectively. Thus T ’ V , S are called the dipole-dipole interaction tensor, the 
dipole-quadrupole interaction tensor and the quadrupole-quadrupole interac-
tion tensor respectively. 
W e consider the electrical response of the system to a uniform applied field 
Eq. The electric field and the electric field gradient further induce a dipole 
moment and a quadrupole moment at the z-th lattice point. 
Pz = ai(Eo + Ei), (C.14) 
Qi = a2VE,, (C.15) 
where ai and 0；2 are the dipole and quadrupole polarizabilities respec-
tively. W e will not consider permanent dipole and quadruople moments and 
the quadruople moment is induced by the induced dipole moment. For a uni-
form sphere with dielectric constant e surrounded by vacuum the multipole 
polarizabilities are 
。丨=丨 严 i" = i，2,... (⑶） 
where p is the radius of sphere. Thus Eqs(C.13)-(C.15) become coupled equa-
tions, which have to be solved self-consistently. 
C.2 Coupled dipole-quadrupole lattice ^ 
Note that for simple Bravais lattices (without a basis), the QID interaction 
(and any other odd order gradients interaction tensors) straightly vanishes, 
as one can observed from inversion symmetry of the lattice. However, QID 
interaction does exist for two related situations: lattices with a two-point (or 
more) basis, and distortive dipole lattices, while the inversion symmetry breaks 
in these cases. Unlike the simple Bravais lattices, the sublattices may couple 
through the dipole-quadrupole interaction tensors. Although we ignore here 
some preliminary work done for a periodic ferrodistortive lattice by using the 
Ewald method for evaluation of various multipole interaction tensors, this field 
remains open for investigation and future effort will be paid in exploring more 
physics in systems with multipolar interactions. 
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